We obtain new A-properness results for demicontinuous, dissipative type mappings defined only on closed convex subsets of a Banach space X with uniformly convex dual and which satisfy a property called weakly inward. The method relies on a new property of the duality mapping in such spaces. New fixed point results are obtained by utilising a theory of fixed point index.
Introduction
The A-proper class arises naturally when one considers the approximation solvability of nonlinear equations, that is, obtaining solutions of infinite-dimensional problems as limits of solutions of related finite-dimensional problems. The class was first introduced by Petryshyn, who made many important contributions to the theory, see, for example, [17, 18] for a good account of this. The A-proper class is large, it allows various classes of nonlinear mappings to be treated in a unified way and has found wide applications.
In a recent paper, the present authors have developed a new theory of fixed point index for weakly inward A-proper maps. (Precise definitions of concepts mentioned in the introduction are given later.) This allows fixed point theorems and mapping theorems to be proved for A-proper maps whose domain is a subset of a Banach space X. Many of the standard examples of A-proper maps have domains the whole space, for example maps of the form I − f where f is k-ball contractive [20] or accretive type maps [21] . If D is a closed subset of a Banach space X and f : D → X, it is harder to establish A-properness. For example, when f : D → X is a strict contraction, that is, f (x)− f (y) ≤ k x − y (k < 1) for x, y ∈ D, an open problem posed by Petryshyn is whether I − f is A-proper. This is known to hold if D = X or with some extra conditions on D and f in a reflexive space X. Recently the authors have shown that I − f is A-proper at 0 when f : D → D and D is a closed set in an arbitrary Banach space [12] .
In the present paper, we consider maps of accretive and dissipative type, (A is accretive if and only if −A is dissipative) defined on a closed convex subset of X. We suppose X is a π 1 -Banach space, that is, has a suitable projection scheme, and (usually) that X * is uniformly convex (to ensure that the duality map has good properties). We establish new results on A-properness of these maps when they are weakly inward. This gives the first result for demicontinuous maps of this type when the domain is not the whole space and the space is not a Hilbert space.
The weakly inward condition arises naturally for accretive operators. If D is a closed convex set and A : D → X is a continuous accretive map, a key assumption in establishing global solutions of the evolution equation
is the following tangency condition of flow invariance:
When D is a closed convex set it is known that this is equivalent to saying that I − A is weakly inward. Equation (1.2) is more stringent than our definition of I − A weakly inward (given below) when applied to a closed set D. However, we only consider the weakly inward property relative to closed convex sets in this paper. Petryshyn considered the A-properness of a general class of maps called K-monotone [16] . When applied to a strongly accretive map it gave an A-properness result when X is locally uniformly convex, and the duality map is weakly continuous, a condition that is known to be rather restrictive outside of Hilbert space.
When D = X, Webb [21] proved an A-proper result for demicontinuous strongly accretive maps in spaces with uniformly convex duals, by showing that the duality map satisfied a condition that can replace weak continuity.
In Hilbert spaces, Benavides [2] obtained a definitive result. He showed that a bounded, demicontinuous, and strongly accretive map A defined on a closed subset D is A-proper without any further assumptions on the map or on the domain D. However, his proof makes essential use of the Hilbert space structure.
In this paper, we obtain A-properness for weakly inward maps, we call ψ-dissipative that are either continuous or bounded and demicontinuous. This includes contractive type maps. A precursor of our results is the result of [22] that, if f is a generalized contraction defined only on a closed convex subset of a reflexive π 1 -space and f is weakly inward, then I − f is A-proper at 0. This gave a partial answer to the open question mentioned earlier.
The main tool in our work is a new property of the normalized duality map J which is proved by a combination of the methods of [21, 22] .
The newly developed theory of fixed point index mentioned above is now applicable. Difficulties can arise when trying to use the homotopy property of index to treat unbounded maps. We avoid these here by only using the index theory in finite dimensions, carrying out the homotopy at the finite-dimensional level. This is a known idea in the theory of A-proper maps, for example, see [18, Section 4.4] .
As applications of our new results on A-properness, we derive some new fixed point and mapping theorems which give new versions of some results of Martin [15] under weaker continuity hypotheses and obtain approximation solvability results, that is, our solutions are obtained as limits of solutions of related finite-dimensional problems. Our results also improve a result of Deimling [5] . They provide extensions and improvements of some of the results of Lafferriere and Petryshyn [10] where more stringent restrictions are imposed. Their maps are defined on a cone, and they require that the map satisfies a strong range condition (see (H 4 ) in Proposition 1.1 of [10] ).
For continuous maps defined only on a subset of X, it is possible to prove Aproperness for dissipative type maps by making use of existence theorems proved by other methods, see, for example, [22, 23] . However, A-proper methodology aims to deduce such existence theorems from simpler finite-dimensional results and we follow that aim here.
We give an application of our new results to an integral equation, versions of which have been studied, for example, in [10, 11] .
Prerequisites and remarks on weakly inward maps
A Banach space is denoted by X with dual space X * . The class of A-proper maps is defined in terms of certain approximation schemes. Suppose that there exist a sequence of finite-dimensional subspaces X n ⊂ X and a sequence of continuous linear projections P n : X → X n such that P n x → x for each x ∈ X. = {X n , P n } is called a projection scheme for X. Obviously, such a space is separable and we have sup n∈N P n = c < ∞ by the uniform boundedness principle. X is said to be a π c -space and is called a π 1 -space when P n = 1 for every n. It is known that every Banach space with a monotone Schauder basis is a π 1 -space, which includes the commonly occurring spaces, for example, c 0 ,
When discussing the A-properness of maps in this paper we always assume that X is a π c -space, usually a π 1 -space. Definition 2.1. A map A : D ⊂ X → X is said to be approximation-proper (A-proper, for short) at q ∈ X if A n ≡ P n A| D∩X n is continuous for each n ∈ N and whenever {x n k : x n k ∈ D ∩X n k } is bounded and A n k x n k → q, then {x n k } has a subsequence which converges to some x ∈ D with Ax = q. A is said to be A-proper on a set K if it is A-proper at every point q ∈ K.
Ax. Here, and later, denotes weak convergence. We note that A : D → X demicontinuous implies that A n : D n := D ∩ X n → X n is continuous.
The normalized (multivalued) duality map J : X → 2 X * is defined by
(Here and henceforth (x, f ) denotes f (x).) When X * is strictly convex, J (x) is a 86 A-properness and fixed point theorems for dissipative type maps singleton and J is a single-valued map. In this paper, we assume either that X * is uniformly convex or that X is reflexive and has a uniformly Gateaux-differentiable norm (we write X is (UG)); X * uniformly convex implies X is reflexive and (UG) which implies X * is strictly convex. The reasons for making these assumptions are the following known properties of J (when X * is strictly convex).
In fact this follows immediately from (y,
for each x ∈ X n (see [4] , or [ We are discussing weakly inward maps. These have been studied by a number of authors including Halpern and Bergman [7] , and are defined as follows. Let K be a closed convex set in X. For x ∈ K let
is a wedge if K is a wedge.
Definition 2.2. A map
Note that, when K is convex, I K (x) is the union of all rays starting at x and passing through some other point of K. Hence I K (x) = X if x is an interior point of K so saying that A is weakly inward corresponds to a boundary condition. Other equivalent definitions of weakly inward are possible, for example, a definition may be given in terms of support functionals, which is sometimes easier to check. For details we refer to [6, Sections 18.3 and 20.4] . We utilize the following in our application in Section 6.
Here K * = {x * ∈ X * : (x, x * ) ≥ 0 on K}, is the so-called dual cone (but actually it is a wedge).
We first give some simple observations concerning weakly inward maps.
Lemma 2.4 (see [13] ). Let K be a closed convex set in a Banach space
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Proof. Let w = lim w n where w n = (1 − c n )x + c n y n , y n ∈ K, c n ≥ 0. Then
Proposition 2.5. Let K be a closed convex set in X. The following statements are equivalent:
is weakly inward (relative to K) if and only if I + af is weakly inward for all a > 0.
Proof.
Sums of weakly inward maps need not be weakly inward. The correct result is the following. Proof. Since I + f is weakly inward we have, by Proposition 2.6, I + 2af is weakly inward and similarly so is I + 2bg. By convexity ofĪ K (x), this yields [I + 2af ]/2 + [I + 2bg]/2 is weakly inward. 
A new property of duality maps
Our new property of J reads as follows.
Proposition 3.1. Let X be a reflexive (UG) Banach space and let K be a closed convex subset of X. Let {x n } ⊂ X be a bounded sequence. Then there exists v ∈ K such that
Then φ is a continuous convex function and φ(z) → ∞ as z → ∞. Therefore φ attains its infimum over the closed convex set
We prove that
. By property (J 1 ), we have
Cancelling t > 0, letting t → 0+ and using (J 5 ), we obtain lim inf
Remark 3.2. This result is related to a result of Baillon, see [6, Proposition 14.1(c)].
Our new idea is to use the idea from [22] to show that (3.1) holds for y ∈Ī K (v), not just for y ∈ K.
When X is separable, by a diagonalization argument, given a bounded sequence {x n } there is a subsequence {x k } such that lim x k − z exists for every z ∈ X, [19] . In that case we have the following result. 
Proof. We follow the proof of Proposition 3.1 save that we take
0. Therefore, Proposition 3.3 generalizes the proposition in [21] .
A-properness of accretive mappings
We now suppose that X is a π 1 
For D = X, Webb [21] was able to prove an A-properness result for strongly accretive maps in spaces with uniformly convex duals, by utilising the remark following Proposition 3.3 to replace weak continuity of the duality map. In the present paper, we use Proposition 3.1 to extend this result to allow a more general accretive map A and the domain of A to be an arbitrary closed, convex set K when I − A is weakly inward on K.
In Hilbert spaces, the definitive result has been given by Benavides [2] : a bounded, demicontinuous, and strongly accretive map A defined on a closed subset D is A-proper. No further assumption on the map or on the domain D is needed. However, the proof makes essential use of the Hilbert space structure.
We prove a result for a new class of maps we call s-accretive. This has some similarities with the class S + , see, for example, [17] , but it is important for us that it is not assumed that x n y. We first show that, this class includes many other well-known classes. Using the lsc we obtain α(y, φ(y)) ≤ 0 so that φ(y) = 0 and thus x k → y.
Example 4.2. Suppose that
Obviously the class of α-accretive maps includes strongly accretive maps. Clearly we have the following result. This shows that I − T is s-accretive when T is ψ-dissipative. This new class of ψ-dissipative maps includes contractive maps. In fact we have the following result.
Indeed, T is ψ-dissipative with ψ(y, r) = k(y)r 2 . Now we give our first A-properness result. This is a new result because we consider s-accretive maps but it is new even for strongly accretive operators. Recall that a map A : D → X is said to be bounded if it maps bounded sets into bounded sets. Also we have, using (J 4 ) and the boundedness of {Ax n }, and (J 2 )
It follows from (4.7), that
By the s-accretive property this gives x k → v (a subsequence). Since A is demicontinuous, it follows that Ax k Av. Now, for every u ∈ X,
10) and also (Ax k , J (P k u)) → (Av, J (u)) as Ax k
Av and J is continuous. Since J is surjective, (J 3 ), this proves that Av = 0. Remark 4.7. As a generalized contraction A is continuous and bounded, Theorem 4.6 generalizes Theorem 2 in [22] . Note that in the above proof we do not need to suppose that the subspaces X n are nested, nor do we need to suppose that P n (K) ⊂ K. However we often do need P n (K) ⊂ K in the fixed point theory of A-proper maps, see, for example [13] , a condition that is usually met in applications, in which case
When A is continuous and P n (K) ⊂ K it is possible to remove the boundedness assumption if we suppose that A satisfies a slightly stronger condition: A is said to be S-accretive if whenever {x n } ⊂ K is a bounded sequence and y ∈ K and lim inf n→∞ Ax n − A P n y , J x n − P n y ≤ 0 (4.11)
then there is a subsequence x n k → y. Clearly this class includes strongly accretive continuous maps. It includes continuous S-α-accretive maps, that is, α-accretive maps where α is lsc, that is, y n → y and r n → r imply α(y, r) ≤ lim inf n→∞ α(y n , r n ). This holds, for example, if a map is α-accretive and α(y, r) = α(r). Similarly, we define the class of S-ψ-dissipative maps.
Theorem 4.8. Let X be a reflexive (UG) π 1 -space and let K be a closed convex set with P n (K) ⊂ K. Let A : K → X be a continuous, S-accretive map and suppose that I − A is weakly inward relative to K. Then A is A-proper at 0.
Proof. Let x n ∈ K n be bounded and such that P n Ax n → 0. Since A is continuous and J is uniformly demicontinuous, we have 
. Suppose that either (a) X * is uniformly convex and T is a bounded, demicontinuous ψ-dissipative map, or (b) X is reflexive and (UG) and T is a continuous S-ψ-dissipative map. Then I − T is A-proper at 0. Also, for every w ∈ K and t ∈ [0, 1], I − tT − (1 − t)w is
A-proper at 0.
We say that a map T : D → X is of dissipative type if T −cI is dissipative for some c ∈ R, and, following Martin [15] , we let µ[T ] be the smallest such number c, so that
We consider dissipative type maps because these include contractive maps and enable us to give some fixed point theorems. We note that if µ[T ] < 1, then T is ψ-dissipative so we have the following corollary.
Corollary 4.10. If T : K → X is a weakly inward, dissipative type map with µ[T ] < 1, and either (a ) X * is uniformly convex and T is bounded and demicontinuous, or (b ) X is a reflexive (UG) space and T is continuous. Then I − T is A-proper at 0.
In the following, we state results when (a) of Corollary 4.9 holds (respectively, (a ) of Corollary 4.10), similar results are valid when (b) (respectively, (b )) holds. We leave the statement of these to the reader.
The above results prove A-properness at 0, which is often adequate for proving fixed point theorems, but it is useful to have A-properness at more points. We now give such a result where I + T (rather than T ) is weakly inward. When 0 ∈ K, as we have seen, this is stronger than assuming T is weakly inward. If K is a wedge, then I + T weakly inward is equivalent to T weakly inward. Proof. Let w ∈ K and let B : K → X be defined by Bx = w. Then B is trivially weakly inward and hence so is B +λT by Proposition 2.7. Also B +λT is ψ λ -dissipative (with ψ λ (y, r) = λψ(y, r)) so I − (B + λT ) is A-proper at 0, that is, I − λT is A-proper at w.
Note that this applies when T is a generalized contraction. 
Proof. Suppose that P n (A − C)(x n ) → 0 for a bounded sequence {x n } with x n ∈ D ∩ D 1 ∩ X n . Then, by compactness of C, there is a subsequence {x k } such that Cx k → w ∈ E. Then P k Ax k → w and as A is A-proper on E we obtain (a further subsequence) x k → x ∈ D ∩ D 1 with Ax = w. As C is continuous we have w = Cx and so Ax − Cx = 0. 
Fixed point theorems
Let K be a closed convex set in a π 1 -space X. We shall from now on assume that P n K ⊂ K so that P n (K) = K ∩ X n . This mild restriction ensures that if T : K → X is weakly inward relative to K, then P n T : K n → X n is weakly inward relative to K n and seems to be a necessary requirement in the theory of the fixed point index for weakly inward A-proper maps (see [13] ).
94 A-properness and fixed point theorems for dissipative type maps Let G be an open set in X. We denote byḠ K and ∂ K G the closure and the boundary, respectively, of
We first recall the definition of fixed point index for a continuous weakly inward map in a finite-dimensional Banach space from [13] . Certain retractions are used.
By the Dugundji extension theorem (cf. [9, Section 18]), ε-retractions exist for every ε > 0. In fact, in finite-dimensional spaces nearest points always exist and are unique if the space is strictly convex. Hence a 0-retraction (usually termed metric projection) exists when the space is strictly convex. It is possible to change to an equivalent strictly convex norm which is arbitrarily close to the original norm. (For the infinite-dimensional result in a reflexive space, see [3] .) This gives an alternative way of obtaining an ε-retraction.
Definition 5.2. Let K be a closed convex set in a finite-dimensional Banach space X and let G be a bounded open subset of X such that G K = ∅. Let f :Ḡ K → X be continuous and weakly inward relative to K. Suppose also that x = f (x) for all x ∈ ∂ K G. Define the fixed point index by the equation
for ε sufficiently small, where r ε : X → K is an ε-retraction and i K (r ε f, G K ) is the classical fixed point index as defined, for example, in Amann [1] .
In [13] it is shown that the fixed point index defined above is independent of the particular ε-retraction provided ε is sufficiently small and has the usual properties. We state those which we use.
(
We now prove a new fixed point result which is sufficiently general to cover our needs. Note that we do not assume that T is bounded. Also, we do not need I − tT − (1 − t)w to be A-proper at 0 for every t ∈ [0, 1], and some w ∈ K. Theorem 5.3. Let K be a closed, convex set in X and suppose T : K → X is weakly inward relative to K and I −T is A-proper at 0. If K is unbounded suppose also there exist w ∈ K, R > w , and N ∈ N such that
(5.4)
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Then T has a fixed point in K.
Proof. Since T : K → X is weakly inward relative to K, and P n (K) ⊂ K,
is weakly inward relative to K n for every t ∈ [0, 1]. By the homotopy property of the finite-dimensional index we have for n ≥ N
Thus P n T has a fixed point in K n ∩B R , that is, there exists x n such that x n −P n T x n = 0. As I − T is A-proper at 0 this gives a fixed point of T in K ∩B R .
Remark 5.4. The relation (5.4) is an a priori bound requirement. Clearly (5.4) is satisfied if T (K) is a bounded set. When K is bounded the conclusion of the theorem can be deduced from the finite-dimensional version of a fixed point theorem of Halpern and Bergman [7] without recourse to the fixed point index theory. When T (K) is bounded, the conclusion of Theorem 5.3 has been obtained from the index theory in [13] .
We give some new fixed point theorems. It is convenient to prove an a priori bound result first. 
Proof. Let ε > 0 be such that M 0 + 2ε < M. For γ > 0, using P n w ≤ w and the inequality (1 + s) γ ≤ 1 + (2 γ − 1)s for 0 ≤ s ≤ 1, we see that there is R 1 such that Cx ≤ (M 0 + ε) x − P n w γ for x ≥ R 1 , for all n. Suppose that
x − P n w 2 = tP n T x + tP n Cx − tP n w, J x − P n w = t T x−T P n w, J x−P n w +t T P n w−w, J x−P n w +t Cx, J x−P n w ≤ ψ P n w, x−P n w + T P n w + w x − P n w + Cx x − P n w .
Hence we obtain
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Since P n w → w and T is demicontinuous, T (P n w) are uniformly bounded, say, T P n w ≤ M 2 for all n. Therefore, there exists R 2 ≥ R 1 such that x − P n w ≥ R 2 implies ( T P n w + w )/ x − P n w γ < ε. This would contradict the hypothesis so we have x ≤ R 2 + w . There is an obvious modification if γ = 0.
We first consider the case when C ≡ 0. T is taken to be weakly inward and we obtain a unique fixed point. Then T has a unique fixed point in K.
Proof. By Corollary 4.9, I −T is A-proper at 0. Theorem 5.3 applies using the a priori bound argument from Proposition 5.5 with γ = 0 when K is unbounded. We obtain uniqueness as follows. Since 12) if T x = x and T y = y, then x − y 2 ≤ ψ(y, x − y ) < x − y 2 unless x = y.
Note that Theorem 5.6 applies in particular to a dissipative type map T with µ[T ] < 1. The result also holds when T is a continuous S-ψ-dissipative map and X is (UG). .2) rather than the geometrical condition I + T weakly inward. However, Martin's result applies in arbitrary Banach spaces and to arbitrary closed sets K, and is proved by entirely different methods. Corollary 5.7 is stated so as to compare with Theorem 1 of [5] . It is an extension in some respects: in [5] stronger assumptions are made on α, A is continuous, but X is arbitrary and K is an arbitrary closed set. Obviously our Theorem 5.6 allows a slightly more general result than stated in Corollary 5.7. ⊇ K for all small λ > 0 implies that I + T is weakly inward in an arbitrary Banach space. If X is uniformly convex this holds without assuming continuity of T . This can be deduced from results of Crandall, see [23] and the references therein. Theorem 5.9 is given by Martin [15] when T is continuous in an arbitrary Banach space, by very different methods.
We now consider fixed point theorems for sums of dissipative type and compact maps. 
Application
As an application of Theorem 5.11 we consider the problem of finding positive solutions of the integral equation
where is a bounded domain in R n . Such equations were considered in L p ( ) in [10] , where the fixed point index for A-proper self-maps was applied and the function g was required to be positive. Existence of positive solutions was considered in the Hilbert space L 2 ( ) in [11] , where variational methods were used but the function g was allowed to have some negative values.
In this section, we consider existence of positive solutions of (6.1) by using Theorem 5.11 and we allow g to have some negative values. Equation (6.1) can be written as u = λT u+Cu in a suitable function space. Here we consider the Banach space X = L p ( ), where 1 < p < ∞ and is a bounded domain in R n . The norm in L p is denoted · p . The dual space is L p ( ), where 1/p+1/p = 1, 98 A-properness and fixed point theorems for dissipative type maps which is uniformly convex. We seek solutions in the cone K = L p + = {u ∈ L p ( ) : u(x) ≥ 0 a.e. on }. It is known that L p is a π 1 -space and that P n (K) ⊂ K. We show that T is weakly inward by using Lemma 2.3. Let u ∈ K be such that (u, u * ) = 0 for some u * ∈ K * . Then u * can be identified with an L p function, u * (x) ≥ 0 a.e. and u(x)u * (x) dx = 0, so that u * (x) = 0 a.e. on the set {x ∈ : u(x) = 0}. 
